Supplemental Methods |

Bayesian modeling framework for the detection
of heart beats from ECG Data

1 The model and the problem

We assume that the observed data are given by
Yt = chst—Tk + Wt, (1)
k

where ¢ is an unknown constant, s; is a known signal of finite duration
L, 71 is the delay of the kth replica of the signal, and the samples w; are
independent and zero mean Gaussian, i.e., w; ~ N (0,02), with the variance
of the noise being unknown.

The problem is to estimate the time instants 73 and treat the remaining
unknowns as nuisance parameters. In solving this problem, we follow the

Bayesian methodology.

2 Solution based on the raw data

Let us assume that the (k — 1)st beat was detected at 7x_1. We assume that
approximately the next beat is in the proximity of 7,1 + Tk, where T‘k =

Tk—1—Tk—2. Theidea is to test several models of the form p(My i|ys, 15, S, Te.k),



where £ is an index of the model (¢ € {1,2,...,2M + 1}, with 2M + 1 being
the number of models to choose from.b), v, .40 = {Ye,, Yty 415+ > Yt }52 8 18
a known signal of length L.* and Tok € {Th—1 + fk — M, Tp_1 + fk — M +
1,..., 71 +fk+M} is a candidate time of arrival of the kth beat.* The best
model (or the best estimate of 7) will be the one that is associated with the

model that has the highest a posteriori probability (MAP estimate), that is

%\k = Inax a’rgTAk p(MZ,k’|yt1}k:t2’ka S, T k> D;,k)’ (2)

where
tig=7h 1+ T — M, (3)
tor =Te1 +Tp+ M+ L -1, (4)

and D,  denotes past data with respect to t; ;. We observe that all the
models for the time of occurrence of the kth beat use the same vector of
observations.

We write for the a posteriori probability of model My,

P(Mf,k|yt1$k:t2$k7S7Tf7kaDa’k) O<p(ytlﬁk:t2$k|8’Tf,kvpi’kaMé,k’)P(MZ,k’|D1;’k))
()

s, 7ok, Dy, , Myy) is the likelihood of the model My, and

t1,k?

P(Myx|Dy, ) is the a priori probability of that model. For the first factor

where p(y,gl’k:,gwc

IThe number of models may vary with time

2The interval #; : t2 contains the kth beat.

$Without loss of generality, we assume that L is an odd number.
4This is the time instant of the first sample of s in the kth beat.



on the right hand side in (10) we have

[e.e] oo
p(ytlyk:tgﬁklst—’rg7pt_l’k7 MZ,]{;) = / / p(ytlyk:t2$k|37 T,k c@,kﬁ 0-]%7 Mf,k)
JO J—0

x p(eer, o?| Dy, s Mg )degpdo™. (6)
If we define the vector 5, € RZM+L)x1 py
01.¢

gﬁ = S ) (7)

OryL4+1:2M 4L

we can write

p(ytl’k:tgﬁk |S7 T,k C ks O-I%a Mf,k’) = p(ytlyk:tgyk |§la Clky 0']%., MZ,IC)

B 1 y  (Wetan — coxdt) | (Yer pitan — Coke) ®)
= —(27T02) 2A12+L exp 20_}3 ,
k

where yy, 1, , € REM+L)x1

. We note that 7, “decides” the position of the
vector s in Sp.

The factor in the integrand in (6), p(Cg’k,O'z"D,;’k,Mg,k), is the joint
prior of ¢ and a,% learned from previous samples. Here we have several
options. One of them is to use the samples of y; before the expected arrival
of the kth beat (we use N of them) that do not have a beat, and for p(cy)

to adopt the noninformative prior (i.e., p(cx) o const). Then we have

P(UﬂDaM Myy) o p(UQ‘ytlﬁk—N:tl,k—l)p(cé,k)

o P02 [Yty - Nity -1)- (9)



For P(U;3|yt1,k—N:t1,k_1), we write

p(U%‘ytl,k_N:tl,k_l) X p(ytl,k—Nitl,k—l‘Ul%) p(O']%)

T

1 ytlyk—N:tlyk—lytl,k_N:tl,k_l 1

=———Xexp| — X —5

9 20.2 27
(27a7) k

w2

(10)

where p(o7) o 0—12 Here, we recall that an inverse Gamma random variable
k

X has a pdf given by

x e f, x>0, (11)

where a > 0,8 > 0 are the shape and scale parameters of the distribu-

tion. We recognize from (10) that p(o®|y;, ,—nut, ,—1) is the inverse Gamma
distribution with parameters

a=—, 12

) (12

-
o ytl’k—N:tl,k—lytl,k_N:tl,k_l
= 5 .

B (13)

For simplicity in notation, in the next equations let y = yt, ,.t,,. Then

we can rewrite (8) as
PY|s, ok, Co, o Mos) = P(YIS1, Cops o, M)

) 2 T, o~ =T
= — iz X €XP (-%) X exp (—yy—cgksy) , (14)
(2mo?) 2 2(s's) o 205,



where ¢y 1, = (gz—gg)_l §Zy. First we integrate out ¢, in (6) and obtain

p(ytlﬁkitzﬁk |St—Te’ ,Daﬁk’ Mf,k)

> 1 y'y— sy 1 A
x —————exp | — : X x exp | —= | dog,
/0 (Uz) 2L p ( 20_% ( 2)%+1 p 20% k

Ok
(15)
where §y = Yty 4 Nity ,—1. From
o
I
/ e e Sy = (a), (16)
0 B
we deduce that
2M+L+N-1
L~ T I N
- Y Y+y y—cerps'y
ol Do M) x / a7)

We use (17) to compute the probabilities of the various models. If we
assume the uniform prior for the model, it is sufficient to compute the right
hand side of (17) and pick the model with the highest value. Since y"y+y 'y

is the same for the models, the best model is the one that is selected by

My = arg m?x Eg7k§Ty

-1
= argmax y'3y (gzgg) 5Ty

= arg max(3; y)* (18)

because §Z§g is not a function of ¢. Thus, we have to use a simple correlator
to pick the best model. However, we reiterate, we must use (17) to find the
probabilities of all the models.

In summary, the approach can be implemented as follows:



1. Compute for all models §Zy.

2. Pick the model with the highest probability according to (17) (i.e.,
according to (18)).

3 An alternative approach

Next we describe a modified algorithm. This is the algorithm that was

implemented. First, we form a sequence of differenced data by
2t =Yt — Yt—1. (19)

Now the model in (1) becomes

2z = Z kS, + W, (20)
k
where
sy =S¢ — S¢_1, (21)
Wy =W — Wy_1. (22)

With this preprocessing of the data we make z; zero mean, but we add
correlation to the noise (that is, w} and w,_,; are correlated). When we
downsample z; by two, this correlation disappears. After downsampling z;,
we obtain Z;, and we proceed with processing the data in the same way as
described in the previous section. We keep in mind that now the signal
template is the downsampled s}.

The method for processing the data has the following steps:



. Apply a low pass filter on the data with a bandwidth of (0 Hz -150

Hz),

. Perform local detrending (see the package),

Calculate the differenced data,

Downsample the data by two (the template should also be downsam-

pled by 2).

Once the data are preprocessed, one estimates the time instants 75, as de-

scribed in Section 2.

Our last modification of the method allows for processing the data from

both time directions, forward and backward. More specifically, we propose

the following:

1.

Implement the method from the first sample onward.

Repeat the process but starting with the last sample and moving back-

ward (the signal template should also be reversed).

If there is an agreement in the estimated times of the peaks, the esti-
mate is accepted. (First these estimates are accepted and then we pro-
ceed with the next step where the remaining estimates are accounted

for.)

If there is a disagreement, delete the estimates that have probabilities
less than 0.2. Otherwise, directly compare the probabilities of the two
estimates and choose the one with a higher probability. An alternative

is to use as an estimate the weighted average

Tk = 0Tfk + (1 — P)Tok, (23)



where 7y and 7, are the forward and backward estimates and p is
the probability associated with 7. Further details are provided in
the program. The disagreement has to be smaller than the interval

%f, where T is the median of the period between two signal arrivals.





















